MULTIPLE KUNNETH FORMULAS FOR
ABELIAN GROUPS

BY
THOMAS W. HUNGERFORD

1. Introduction. Bockstein [6], Cartan and Eilenberg [2], Kelly [7], Dold [8]
and MacLane [5], among others, have proved the Kiinneth Theorem for two
chain complexes of abelian groups under various hypotheses. MacLane [4]
proves an analogous theorem for three complexes and Bockstein [1], [9] states
and proves an analogue for n complexes (under unnecessarily strong hypotheses,
as it turns out). The purpose of this paper is to prove, under relatively weak
hypotheses, a multiple Kiinneth formula for n chain complexes of abelian groups
(n = 2) which subsumes and, in part, extends all of these previous results.

If K! and K? are (not necessarily positive) chain complexes of abelian groups
such that H(Tor(K', K?)) = 0, then the Kiinneth Theorem states that there is a
split exact sequence:

B
(1) 0-H(KY)® H(K?) —> H(K' ® K2) T Tor (H(K"), H(K*) -0
v

in which the maps « and § are natural, but the splitting map y is not. Thus the
homology of K!'® K? is the direct sum of the (left) derived functors of
H(K') ® H(K?). A proof is given in Dold [8] and Kelly [7]; Cartan and Eilenberg
[2] obtain the sequence, but not the splitting; MacLane [5] obtains the split
sequence under the stronger assumption that one of the complexes is torsion-
free.

In MacLane [4] the well-known description of the functor Tor (4, B) by gener-
ators and relations is extended to define a functor Tor (4, B, C) of three variables.
Another functor Trip(4, B, C) is defined as a certain quotient of the direct sum
Tor(4,B) ® C® Tor(B,C) ® A® Tor (4,C) ® B and the following theorem
is proved.

TriPLE KUNNETH THEOREM. If K', K2, and K3 are complexes of abelian
groups, two of which are torsion-free, then then is a chain of subgroups:
Py <P, cP, = HKK' @ K*® K?) for which there are natural isomorphisms
of graded groups:
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258 T. W. HUNGERI'ORD [June

H(K")® H(K*) @ H(K?) = P,;
Trip (H(K'), H(K?),H(K?)) = P,/Py;
Tor (H(K"),H(K?),H(K?)) =~ P,/P,.

It is also shown that Trip and Tor are in fact the first and second (left) derived
functors of the triple tensor product 4 ® B® C. Although it is not proved there,
itisin fact true that HK' ® K*® K*) =~ P, ® P,/ P, ® P,/ P,, i.e., the homology
of K!' ® K?® K3 is the direct sum of the (left) derived functors of

H(K') ® H(K*) ® H(K?).

Bockstein ([1], [9]) has extended these concepts by defining inductively for
each k = 2 groups Tor(4!,--,4%) and for each i (1 <i < n) groups
Mult, (4, ---, A™) (which is a certain quotient of the direct sum

Y Tor(A*, -, A)@A"® - @ A,

the sum being taken over all permutations {s,---,s;,ry,*+,r,—;} of 1,---,n for
which s, <s, <:-<s; and ry<r, <. <r,.). It is stated and proved that
for n torsion-free complexes K,,: -, K,,

HK'®@ - ®K")= X Mult(H(KY),---, H(K")).
i=1

However, Bockstein’s statement that the theorem is not true if only n — 1 of
the complexes is torsion-free is incorrect. [This statement is based essentially on
an example in the case n = 2; but the example is false (a minus sign is omitted in
computing the boundary of K ® L).] As we shall show below an even stronger
conclusion holds under considerably weaker hypotheses; furthermore we shall
show that the functors Mult(A4',---, A") are (after a change of indices) precisely
the (left) derived functors of the n-fold tensor product A'® .- ® A"

Hereafter we shall use the following terminology. For any given n = 2 we define
the functor Mult}(4',---,4") to be the ith (left) derived functor of the n-fold
tensor product 4! ® --- ® 4", i.e.,

Mult}(4',---,A") = H(K' ® --- ® K"),

where for each r, K" is a free resolution of A". In situations where no confusion
can arise we shall often write Mult; in place of Mult;.

The most general approach to the question is given by Cartan and Eilenberg
[2] (and also in MacLane [5]). For any complexes K',---, K" they define the
so-called hyperhomology group Z(K'® :--® K") to be the graded group
H(R'® --- ® K"), where each K" is a double complex projective resolution (in
their sense) of the complex K" (r =1,:--,n) and the homology group is taken
relative to the total differential in k' ® --- ® K" Furthermore they show that there



1965] MULTIPLE KUNNETH FORMULAS FOR ABELIAN GROUPS 259

are two spectral sequences (denoted I and II) both converging to Z(K'® --- ® K"),
and having the initial terms:

o= H,Mult(K", -, K"),

12, = X Mult)(H, (K", -, H,(K"),
where the sum is taken over all n-tuples (py, -+, p,) such that X"_,p, = p.

In the case n = 2 [and hence Mult” = Tor] there is, for any two complexes of
abelian groups K' and K2, an exact sequence:

) 0- H(K') ® H(K?) » L(K' ® K?) - Tor(H(K'), H(K?)) - 0.

It is shown that if H(Tor(K', K?)) = 0, then £L(K'® K?2) is naturally isomorphic
to H(K' ® K?) and the sequence (2) reduces to the usual Kiinneth sequence (1).
No statement is made about either of the sequences (1) or (2) splitting.

In this paper we shall prove the following multiple Kiinneth formula, which
generalizes the previous results for complexes of abelian groups and also shows
the relationship between the hyperhomology group and the derived functors of
the n-fold tensor product.

TueoreM 1.1. JfK',---,K" are chain complexes of abelian groups, then
there is an isomorphism of graded groups:

n—1
ZLK'Q@ - ®K") = X Multi(HK"), -, HK");
i=0

in particular,
n—1
ZUKIQ - @K™ = X X Mult(H, (K", -, H, (K"),
=

t

—n
where the second sum is over all n-tuples (py,--,p,) such that .,._p, =k —1i.
The isomorphism is not natural; however, it induces natural maps

fo: Multg(H(K"), -, H(K") » Z(K'® - ® K",
and for 0<i<n-—1,
fi: Mult}(H(K?"), -, H(K")) - Cokernel f;_,.
COROLLARY 1.2. IfK!,--- K" are chain complexes of abelian groups such that
HMult?(K',-,K")=0 forall0<i<n-—1,
then Theorem 1.1 remains true if Z(K*'® --- ® K" isreplaced by HK'® --- @K ").

COROLLARY 1.3. If K!,...,K"are chain complexes of abelian groups, then
the hyperhomology group Z(K'® ---® K") is completely determined by
H(K"),---, H(K").
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Corollary 1.3 follows immediately from the theorem. Under the hypotheses of
Corollary 1.2 the spectral sequence I associated with Z(K' ® --- ® K") collapses
and thus there is a natural isomorphism (for each k)

Ro=HK'® - ®K)xZ(K'® - ®K".
It should be noted that if n — 1 of the complexes K*, ---, K" are torsion-free, then
Mult(K',..-,K") =0 for all i > O0;

thus the hypotheses of Corollary 1.2 are fulfilled in this case. For n = 2 this states
the obvious fact that Tor(K*, K?) = 0 if one of K', K? is torsion-free. For larger n
the statement follows by (double) induction on i and n from the exact sequence:
0- K'® Mult; " }(K?,---,K") > Mult(K %, ---,K")
— Tor(K*, Mult’=}(K?,---,K")) > 0.
This is just the Kiinneth sequence (1) applied to the complexes K' and
(R*® --- ® K"), where each K" is a free resolution (in the usual sense) of
K (r=1,---,n).

Outline of the proof of Theorem 1.1. For each r (r=1,2,---,n) let
K" be a double complex projective resolution of K', as defined in Chapter XVII
of [2]: denote the two boundary operators in K" by d} and d5. Then it follows
from the definition of K" that K" is free and H(K") =~ H(K") (naturally). Also,
by definition,

PK'®@ @ K)=HR'® -® K",
where the boundary in K'®---® K"is given by
(3 0 = 0;+0,

where

0

X (-)1@-®104d;®1Q0 - ®1;
r=1

»

T (-)1Q®-R104501Q - Q1;

r=1

0,

and (— 1)* is the usual sign determined by the standard sign convention, as
given by Cartan and Eilenberg [2, Chapter IV, §5]. If we consider each K"as a
single complex with boundary d} + dj, then R'® --- ® K" is a complex in the
usual way with boundary

2 (-)M®-®I1W +d)Q1® - Q1.
r=1

This is the same ‘‘total boundary’ as (3).
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It follows that in order to prove the theorem it will suffice to show that for any
torsion-free complexes K',---, K", there is an isomorphism of graded groups:
n—1
) HK'®@--®K")~ X Mult)(H(K"),---, HKK").
i=0
Fo if there is such an isomorphism and we apply it in the case of K!,---, K" (as
above) then we obtain Theorem 1.1.

We now proceed to prove the existence of the isomorphism (4). §§ 2-4 are
devoted to developing machinery for this purpose. Although the basic idea under-
lying the proof given in Bockstein [9] is substantially the same as the idea used
here, his procedure and technique differ somewhat and his final result is consid-
erably weaker.

2. Definitions and notation. We assume that the definition of a Bockstein
spectrum and any necessary properties of spectra are known (see [3])(*). An
important example of a Bockstein spectrum is the so-called homology spectrum
of a (not necessarily positive) chain complex K of torsion-free abelian groups.
It is denoted {H(K,m)} and consists of the groups H(K)= H(K,0) and
H(K ® Z,,) = H(K, m)(for all m > 0), together with the coefficient homomorphisms
(for each m,k = 0)

At H(K,mk) - H(K,m) (mk 2 0),
s HK,m) — H(K,mk) (mk>0)

induced by the canonical maps Z,, — Z,, and Z, > Z,, (with Z, = Z), and the
Bockstein connecting homomorphism pg: H(K,m)— H(K) (m > 0) induced by
the exact sequence 0 » Z = Z — Z,, — 0. Note that ug has degree — 1 and that
all other A’s and u’s have degree 0.

DEerINITION 2.1. If (B","A,"n) (r =1,2,--+,n) are Bockstein spectra, then their
tensor product B'® -+ ® B" is the group [ X ,,50Bn ® -+ ® By]/S, where S is
the subgroup generated by all elements of the following forms [where
x'eBt,y' e B, and ( — 1)* is the sign determined by the standard sign convention
(as given by Cartan and Eilenberg [2, Chapter IV, §5])]:

. ( _ 1)*11::’:})1 ® ®r—ll$kyr—l ® xr®r+llzkyr+1 ® ® nlﬁky"
o - (D' @Y 'O ® YT ® - @ y" (for each r = 1,2, ---,n);

@ 2 (-D)%'® - @x"'®@ A @x" M@ @ x"
r=1

In the sequel we shall often denote the tensor product B'® ---® B"
(of groups, complexes, or spectra) by Q% B'.

(1) The concept of Bockstein spectrum (with somewhat different terminology) was first
used by Bockstein and by J. H. C. Whitehead [10].
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If u is a cycle of a complex K, | u | denotes its degree and n(u) denotes its homol-
ogy class in H(K). If 0u = miz, then n(u ® 1,,) denotes the homology class of the
m-cycle u®1,, in H(K,m). If K!,---,K" are chain complexes of torsion-free
abelian groups, we define a grading on the spectra tensor product
Qi-{H(K',m)} by defining the degree (of the class of) a generator
M ®1,)® - nu"®1,) WekK'; du' = mi') of @I H(K' m) to be
|u'| +|u®| + - +|u"|=1if m>0 and [ut]|+ - +]|u"| if m=0. (Note
that this is consistent with the relations imposed by Definition 2.1 on theigroup

Y2 @I H(K, m)])

3. The isomorphism theorem. The first step in the proof of Theorem 1.1 is to
express H(X) 7~ K*) as a tensor product of Bockstein spectra as follows.

TueoreM 3.1. If K!,---, K" are chain complexes of torsion-free abelian groups,
then there is an isomorphism of graded groups:

& wikimy = H(@K).

Proof. For each m = 0 define a map

Fonys @ HK'\m) — H{ Q')
i=1 i=1
as follows. If m = 0, then
F(0) = a: ® H(K')———-)H( ® K"),
i=1 i=1

where o is the homology product map given by
o) ® - @] =n(u' @ @ u".

If m > 0, then F(m) is the composition:
n 5"! n
® H(K',m) ——> HK'® - ® K", m) —>> H(@K‘),
i=1 i=1

where a is the homology product (modm) and 63 is the Bockstein connecting
homomorphism induced by the exact sequence 0 »Z 3 Z —» Z,, — 0. Hence the
F(m) define a map

F: X [lan(K‘,m)] —>H(§1K‘).

mz0

A direct calculation (keeping in mind that the maps ug have degree — 1 and all
other maps have degree 0) shows that F(S)=0, where S is the subgroup of
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Definition 2.1. Hence F induces a well-defined homomorphism F on the quotient
T 2ol @i HEK m) 1S, ie.,

n

F: @ {HK'm)) ——->H((=gl) K )

i=1

Since F(m) has degree O for m = 0 and degree — 1 for m > 0, F is a map of
graded groups. To show that F is an isomorphism, it suffices to consider the case
in which K!, ---, K" are elementary complexes. In fact, the lemmas in the Appendix
of [3] (extended to arbitrary n in the obvious way) show that we need only consider
the case in which K" (r =1, ---, n) is the complex (in dimensions 1 and 0):

Z(ay) i> Z(ay),  where da{ = p“ag

(p prime, O0<u, Su, <. <u,).
It can be verified that for each r(r = 1,---,n) we have

H(K') = 0;  Hy(K") = Zu(n(ao));

m
H(K',m) = Z,, #~(n(sa] ® 1,,)), where s = ——;
1( ) (m,prn(say ) (m,pr)

Ho(K"\m) = Z, yurf(n(as ® 1,,)).
In dimension 1, y™, and A™ are the maps:
v Zgyptry —> Lk, pr) (k> 0);
. Zow gy — Zom gy (K 20),

where k = k/(k,p"/(m,p"")); v and n are the canonical injection and pro-
jection of cyclic groups. yg (which has degree — 1) is the injenction

v gy piry —> Zpur.
In degree 0, u™, and A, are the maps:
kv Zg iy —> Zie iy (k > 0; k as above);
T Zonk,ptry —> L, ptry-

We shall use the following notation. Let n = 2 be a fixed integer; for each in-
teger i, 0 < i < n let J(i) be the set of all n-tuples (j,,--,j,) such that each j, =0
or 1 and X'_,j, =i. Let J(i)c J(i) be the set of n-tuples with first entry 0;
let J(i) = J(i) be the set of n-tuples with first entry 1. For a given element
(15 -+5Jn) of J(D), let &(k) = Zr<k,jr (for k =1,---,n); denote by (jy,-**, 06 **sJn)
[resp. (jy,**» 14 -*,j)] the n-tuple obtained by replacing j, with O [resp. 1]
(for k=1,---,n).
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If] =(j1’ ,Jn)e‘](l)’ let X(]) = x(jl’ “tty .]n) be the generator a;x ® ajzz ® ”.®a.'lln
of (@} K"),. Then the boundary map

gx) —(8x)

i i-1

is given by

€)) a[x(in"',fn)] = El(_ l)e(k)jkpukx(jl,...’Ok,...,jn).

[N.B. This statement is not quite accurate, since if j, = 0, then x(j;, -+, 04, -+, j,) is
a generator of (Q);-; K); and not of (@}, K");— ; however, in this case the
coefficient of x(j;, +--, O, -+, j,) in (1) is zero and we can consider
( - l)e(k)jkpukx(jb "',Ok’ ""jn) =0 as an element of ( ®:= 1 Kr)i—l ]

Itis clear that (R} - K™); = X, cs Z(x(j)). Hence every element of (R - ;K");
can be written as a finite sum Eje 1o t(Dx(j) (t(j) € Z). 1t follows from (1) that

a[ ) t(j)x(j)] = T )
JjeJ@ Ji-1)

where fOl’j =(j1,‘“,j,,)€J(i - 1)’

(i) = YGusin)
(2 n
2 ( - l)e(k)(l _jk)p“kt(jh B 1k9 “'9jn) x(jl’ ) 1k9 "'9jn)'

k=1

There is the same sort of inaccuracy here as in (1) above and we use the same
convention to eliminate it.]
If i<n—1and j=(0,j,,Jj,) €J(i) we define the element

P = %0,75 - J) = X t)x(j)
et

of (®)}-1K"); as follows:
=1
1(j)= (= DNERFD = (5(k) determined by j)
provided j = (1,j,,--,j,) € J(i) and
for some value k, 1 <k < n,
jo=j forl<r#kand j,=1,j,=0;
t(j) = O for all other j € J(i).

A direct calculation, using (2), shows that for any je J(i), 0%(j)=0; hence
(%) € H(@r=1 K.
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Lemma 3.2. If K',---,K" are elementary complexes as described above,
then for each i, 0<i<n-—1,

H(®K) = _E Zua)).
r=1 jelw

Proof. If X i, t())x(j) is a cycle of (®)} =1 K", then by (2) above we have
for each (jy,,j,) € J(i — 1) a relation:

() I (= DO =P b5 =
If (1,j, -+, j,) € J(i), the relation (3) associated with (0,,,-,j,) € J(i — 1) is:
P“'t(l,fz, '",jn) + kgz( - l)e(k)(l _jk)pukt(o’jz’ ) 1k9 ""jn) = O,

hence we have:
(4) t(l,jZa ""jn) = - k¥2( - l)g(k) (1 - jk)puk_'“t(O’jla Tty lk’ "'9jn)'

Relation (4) shows that for every cycle Zje 1 t(Nx(G) of (R K"); the
coefficients #(j) are completely determined by the integers #(j) with je J(i). Thus in
order to obtain a set of generators for the cycles of (X))~ K");, we proceed as
follows. For each jeJ(i), set #(j)=1 and #(j) =0 for jeJ(i), j # j; then use
relation (4) above to determine the values of #(j) for jeJ(i) in order that
Zje 16, t(/)x(j) be a cycle. But a careful examination shows that this is precisely
how the elements X(j) [ je J(i)] were defined above. In other words, {i( j)l jeJ()}
is a set of generators for the cycles of ()}, K");.

The boundaries in (@Q-; K"); are generated by the images of the elements
x(j) [j € J(i + 1)]. Since in each complex K" (r = 1,---,n) the boundary operator
involves multiplication by p“ = p“*- p*~~*!it follows that a necessary condition
for an element Zje 1y 1(j)x(j) to be a boundary is that p"*|#(j) for every j e J(i).
Consequently, all of the cycles %(j) [je J(i)] have distinct homology classes since
the difference of any two would have some coefficients #(j) = + 1 (and p*' > 1
since u, > 0). Furthermore, if j=(0,j,,--,j,) € J(i), then (1,j,,--,j)eJ(i+ 1)
and 0x(1,7,, -+, j,) = p*"'%(j). Since no smaller multiple of %(j)can be a boundary
the conclusion of the lemma follows.

Now foreachi, 1 i< n,letj=(,j,, ,j,) €J(i) and define B,.ito be the group

Hl(Klapu')® sz(Kz’ pux) ®® Hj,,(Kna pu') = ’@Iij(Kk’ ).

Let B(i) = X,.74 B'; let B(O)= ®"-, Hy(K"); and let B(i) = 0 for all other
values of i. Note that B(0) is a cyclic group of order p"' generated by
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1(as) ® n(ad)® -+ @ n(as),
andfor1 i< n,j=(j,j,) i), B} is a cyclic group of order p“* generated by
1(aj,® 1) @ (a3, ® 1,u) ® - @ n(aj, ® 1,m);
we shall denote this generator by y(j,,-,j,) [j € J(i)].

LemMA 3.3. If K',---,K" are elementary complexes as described above,
then the group X.., B(i) is a complete set of representatives of the quotient
group Lnsol @iy H(K",m)]/S (where S is the subgroup of Definition 2.1).
In other words, every element of the group X0l Q- H(K",m)] can be
identified (modulo the subgroup S) with an element of the group X, B(i).

Proof. By using the relations (1) of Definition 2.1 it is immediately verified
that for m > 0 every element of X)-; Hy(K", m) is congruent to zero (modulo S)
and every element of the groups

HyK',m)® - @ Hy(K* ', m) @ H,(K* m) ® Hy(K**\,m) ® - ® Ho(K", m)

(for k = 1,2, ---, n) is identified (mod S) with an element of B(0).
For i # 0,1 we proceed as in the proof of Theorem 2.2 in the Appendix of [3],
using greatest common divisors. It follows that every generator of

)) [ ® H(K’,m)]

m20L r=1

of total degree i is identified (mod S) with an element of the group

X H,(K',C())® - ®H, K", C())),

&) Jjed()
where j = (j;, -, ji)€J(i) and C(j) is the greatest common divisor of
{P™|je=1}.

We now use relation (2) of Definition 2.1 to show that every element of the
group (5) can be identified (mod S) with an element of the group B(i). Recall
that J(i) = J(i) uJG). If j = (jy, -+,j,) € J(i), then j,; = 1 by definition and hence
C(j) = p"*; therefore

Bl b ] .
Hj,(K1, C(j)) ® °0 ® Hj,,(Kn ’ C(]))

is just the group B} < B(i).
If j =(jy,+*»jn) €J;, then j, = 0. Consider the map

Di) = X (-1)P1® @10 'l ' ®1® 1.
k=1

Apply D(j) to the generator y(l,j5,-+,j)€B(i ], . ;) Note that for
f](d'{@lp'ﬁ)EHl(Kk, “l)’
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“2u Mg in(ak @ 1,m) = n(ak ® 1,4) € Hy(K*, p");
also
“20u 8 n(al @ 1,u) = 0.

It follows that
D(.l) [y(l,jz, "'ajn)] = }’(O,jz, ""jn) + kE-Z ( - l)e(k.)iky(lij’ ""Ob "'xi )'

But by relation (2) of Definition 2.1

D(j)[y(L,jz,+»Jja) 1 =0 (mod S).

Consequently each y(j) [je J(i)] is identified (mod S) with a linear combination
of elements y(j) [jeJ(i)]. Since each y(j)e B(i), the lemma is proved.
Lemma 3.3 shows that the group

® Kim) = T [ Hosm] fs

m20

is (a quotient group of) the group X ,.,B(i), where B(i) (i > 0) is generated by
the elements y(j) [jeJ(i)].
It is clear that the map F induces an isomorphism

B(0) = @ H(K" -2 HO( (%K) .

For i > 1 a direct calculation shows that for each j =(1,j,,:-, i e J(i),

FIy(j)1 =n(X(0,j3,**»jn))3

the element #n(%(0,j,,---,j,)), as was shown above, is a generator of

H,_(®r=1K").
Since for any (0,j,,,j,)€J(i — 1), we have (1,j,,,j,) €J(i) and

F[V(lsjz""’jn)] = 'l(f(o,fz, ”'aju))

it follows that Finduces an isomorphism of B(i) onto H;_ ()} - 1K"). Consequently
F induces an isomorphism

z B(i)gH(@ K" )
i#1 r=1

It follows that the group Q- {H(K",m)} must be precisely the group
2 .«1B(i) and that the map F induced by F on the quotient

) [ "1 H(K’,m)] / S = @ (HKm)}

m20
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is an isomorphism of graded groups:
F:Q {H(K',m)}gH(® K').
r=1 r=1

This completes the proof of Theorem 3.1.
We remark that all of the constructions for products given for n =3 in the
last part of [3] now carry over without difficulty to the case of arbitrary n.

4. The Universal Coefficient Theorem. The next step in the proof of Theorem
1.1 is to replace each of the homology spectra {H(K",m)} (r =1,---,n) with a
suitable isomorphic Bockstein spectrum. We do so as follows.

THEOREM 4.1 (UNIVERSAL COEFFICIENT THEOREM). If K is a chain complex
of torsion-free abelian groups and A is an abelian group, then there is a split
exact sequence:

« B
0 —> H(K)®A4 > HK®A4) > Tor(H(K),4) —> 0,
o

where a[n(u) ® a] = n(u ® a) for ue Z(K), ae A. The maps o and B are natural
in K and A; the maps & and B are natural in A (but not in K).

Except for the statement about the naturality of & and f (the proof of which
can easily be supplied) this is just Theorem V.11 of MacLane [5]. If 4 is any
abelian group and m > 0 is an integer, ,4 is the subgroup {ae 4| ma=0}; we
set 4 =0.

COROLLARY 4.2. If K is a chain complex of torsion-free abelian groups, then
Jor each m > 0 there is a split exact sequence:

5m
0 ——> H(K) | mH(K) —25 H(K,m) ——s H(K) —> 0,

where 6y is the Bockstein connecting homomorphism and . [n(u) + mH(K)]
=nu®1,) [ueZ(K)].
Proof. In Theorem 4.1 let A= Z,; then H(K)® A is the group
H(K)® Z,, ~ H(K) | mH(K).

It follows that the first map in the displayed sequence is =, as stated. Similarly,
Tor(H(K), A) = Tor(H(K), Z,,) = ,H(K). The fact that the second map in the
sequence is dg follows from the description of the map B (of Theorem 4.1) given
in Proposition V.10.6 of MacLane [5].

Hereafter we shall denote the group H(K)/mH(K) by H(K),,.
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COROLLARY 4.3. If K is a chain complex of torsion-free abelian groups, then
for each m =0 there is an isomorphism

{m: H(K, m) @ H(K),, ® ,H(K).

For m > 0 this is merely a restatement of Corollary 4.2 in a more convenient
form. {, is the identity map on H(K), ® (H(K) = H(K) @ 0 = H(K). Note that
for m>0, ¢ "ll ~H(K) is the right inverse of d¢ (i.e., the map which splits the
sequence in Corollary 3.2) and therefore { ~': ,H »—1(K) = H, (K, m).

The collection {H(K),, | m = 0} = {H(K),} can be considered as a Bockstein
spectrum with maps A and jijy, induced by the identity map on H(K) and by
multiplication by k in H(K), respectively. Similarly {,H(K)} is the Bockstein
spectrum with maps A7 and %, induced by multiplication by k in H(K) and by
the identity map on H(K), respectively. We would like to define maps A and u on
H(K),, ® ,H(K) in such a way that it becomes a Bockstein spectrum.

DEerINITION 4.4. If K is a chain complex of torsion-free abelian groups, (for
convenience) let U, = H(K),® ,H(K) [m = 0;U, = H(K)]. Let A™: U,;—»U,
and p: U, = U, (mk > 0) be the maps:

T @ I HK) @ meH(K) —> H(K), ® ,H(K)
and
ﬁzk®ﬁr:tnk H(K)me") mH(K) E— H(K)mk®mkH(K)
Let 22: Uy — U,, (m >0) be the composition:
0 c
H(K) —> H(K),, —> H(K),® »H(K).
Let ug: U,,— Uy (m > 0) be the map:
(o + 0): H(K) @ nH(K) —> H(K),

where 17 : ,H(K)— H(K) is the inclusion map; note that j,'is the zero map.
Finally let AJ = u$ identity on U, = H(K).

ProOPOSITION 4.5. If K is a chain complex of torsion-free abelian groups, then
{H(K),, ® ,H(K) } with maps A and p as in Definition 4.4 is a Bockstein spectrum.
Furthermore, if {,, (m = 0) is as in Corollary 4.3, then

{={{n}: {HK,m)} —> {H(K),, ® ,H(K) }
is an isomorphism of Bockstein spectra.

The proof of the first part is straightforward and is omitted. The last statement
means that { commutes with the various A’s and u’s; it follows from the com-
mutativity of the appropriate diagrams (and this depends on the naturality state-
ment in Theorem 4.1). Note that the spectrum {H(K),, @ ,H(K)} is not the direct
sum spectrum { H(K),,} @ {,H(K) }. For the map ug in this direct sum is given by
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(fg + Ag) = (0 + 0) = 0; but the map g = (iig + 15) in {H(K),, @ ,H(K)} need
not be zero.

5. The Multiple Kiinneth Theorem. We wish to obtain a conceptual description
of the derived functors Mult(4", -, A"). First, however, we need some notation.
The symbols ,,4 and A4, have been used above. We now wish to ‘“‘combine’’
these symbols in the following manner. If 4 is an abelian group and (m,n) is a
pair of non-negative integers, one of which is zero and the other nonzero, we
denote by ,,4, either the group 4 (if m # 0) or the group A, = A /nA (if n #0) as
the case may be.
Suppose 0 < i < n and let J(i) be as above. If j =(j,--,j,) €J(i), A,---, A"
are abelian groups and m>0 is an integer, then we denote by
A ® Al ® -+ ® Afjy = Q7= 14y, the group

1 2 n .
jimA (1= jym ® jomAG - jym @ @ jmAl1 - jyme

If m =0, we adopt the convention that jk,,,Afl_ om=0if j, =1, and = A*if
ji = 0. Then we can denote by {4(;)} the Bockstein spectrum {;,,4¢, - juym}> Which
will be either the spectrum {,4*} (j, =1) or the spectrum {4%} (j,=0). We
denote by {A(;} ® {42} ® - ® {4} =@r-{A{;} the tensor product of
these Bockstein spectra. Thus

'@i {4 =[m§0 A(lj)®“‘®A<'})]/ S

(S as in Definition 2.1).

TueorReM 5.1. If A',---,A" are abelian groups then Multy(4',---, A")
=Q);=14" and for 0<k=n-1

Multy(4', -+, 4") = [ Y {4p) @ o4y ]/E(k)’

jeJk+1)

where E(k)=0 for k=n—1 and otherwise E(k) is the image of the group
e+ iAd) ® - ® {A})} under the map (induced on a summand by)

n
2 Y 1901101011,
m20 r=1
where for each m 20, j.g, =0 if j,=0 and if j,=1, j,.g, is the composition:
wA > AT —> AT mA = 4,

Proof. For each r, 1 <r=<n,let K" be a free resolution of A". By definition
Mult(4*,---,4") is the group H(Q):-K").

By Theorem 3.1 and Proposition 4.5 there are isomorphisms Fand{ = { ® --- ®(
such that
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tFH (@ K )= @ {HEKm} = @ (HEK), ®HEK))
The latter group is the quotient group of the group

X X X HKY,®- ®HK",
i=0 jeJ@i) mz0
by the subgroup S (as in Definition 2.1).
It follows immediately from the definition of the maps A and u in
{H(K"),, ® nH(K")} (r = 1,---,n) and from the relations (1) of Definition 2.1 that
every element of the subgroup

1
Z 2 Z H(Kl)(j)®“‘®H(Kn)(j)
i=0 jeJ(i) m20
is identified (modulo S) with an element of the group Q)7 ; H(K"). Consequently,
H(®)r-1K") is isomorphic to the quotient group of the group

K

Q® HKHe® i X H(K");, ® - ® H(K");,

r=1 i=2 jeJ@i)m>0
by the subgroup (induced by) S.

Since the map F is induced by the map F which has degree — 1 (for m > 0)
and since

C-l:me—l(Kr) _')Hp(K’,m) (r= 1,2,"',”),

it follows that H(Q);-1K") (k=0,1,---,n — 1) is isomorphic to the quotient
group of the group

YH,(KY® - ®H,(K"

o @X X X X H,(K),)® ®H,(K)
i=2  jelJ@) m20
(where the first sum is over all n-tuples (py, -, p,) such that X, _,p, = k and the
fourth sum is over all n-tuples such that X ", p, = k — i + 1) modulo the relations
induced by the subgroup S.
The relations induced by S are of two forms (cf. Definition 2.1). Those of the
form (1) are precisely those needed to reduce the group (1) above to the group:

E(@mw)el I T H,&)e- K

i=2  jelJ()

(first and fourth sums as in (1)).
The subgroup E induced by the relations of the form (2) (in Definition 2.1) is
the image of the group
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n—1

X X X I H,(KY)®®H,K",,

i=2 jeJ(i+1) m>0
(the third sum being taken over all n-tuples such that X7_,p, =k —i+1)
under the maps

Y (-)M®-®107 Wele-- @l
r=1

Thus we conclude that Multk(Al,--o,A")=Hk(®;'=1K’) is isomorphic to
the group

O (@)L T IH,Eme-oHK e
r= i=2 jelJ@
(first and fourth sums as in (1)).

However, K" is a free resolution of A" (r =1,---,n); hence H(K") =0 for i> 0
and Hy(K") ~ A". Applying these isomorphisms to the group (2), we obtain for
k=0,

Multy(4, -+, 4") = Ho(® K" ) =Q 4
r=1 r=1
(in this case the second summand of (2) is empty). For 0 < k < n—1, the only non-
zero case is that in which (py, -+, p,) = (0,:--,0); hence the only nontrivial sum-
mand in (2) is that in which i = k + 1 and we obtain

Multy (A, -, 4") = [ > {Aé>}®~-®{A<",-)}] [,
jedk+1)

where E(k) is the image of E under the isomorphism. Under the isomorphism
the maps

AT H(K', m) > H(K") > H(K", m)

become the maps j,g, as in the statement of the theorem. It is easily verified that
the group E(k) obtained here is precisely the group £(k) in the statement of the
theorem. [Note that E(n — 1) = 0 since, by definition, there are no elements in
J(n +1).]

We are finally in a position for the

Proof of Theorem 1.1. We shall first assume that all n complexes are torsion-
free. In this case we may repeat the first part of the proof of Theorem 5.1 verbatim
(since all of the calculations up to the statement of the group (2) depend only
on the fact that the K "are torsion-free). Thus we have that H,(Q); - ;K") is isomor-
phic to the group

@) X (é Hp,(K'))(-B[E" X X {H,(K)»}® ®{Hp..(Kn)(f)}]/E

i=2 jeJ@)
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(where the first sum is over all n-tuples such that X"_,p, = k and the fourth over
all n-tuples such that X_,p, =k — i + 1). For each n-tuple (p,, -, p,) We now
apply Theorem 5.1 (and change the index i to i — 1) and (2') becomes

X Multy(H, (K", H,(K") @ "il X Mult(H, (K", -, H, (K")
i=1

(where the first sum is over all n-tuples such that 2"_,p, = k and the third over all
such that X "_,p, = k — i). [Recall that the group E of (2") was originally defined
on the homogeneous summands for each n-tuple (p,,-:-, p,); hence in this case
E = X E(k).] If we sum over k, we have

) H(® K’) =

This isomorphism induces maps

T Mult(HK), - HK").

n
i=0

fo: Multy(H(KY), -, H(K")) ——> H( @1 K’) ;

fit Mult(H(KY), -, H(K")) —> H(® K’ )/ z Mult(H(K"), -+, H(K")),
r=1 Jj<i
the latter being Cokernel f;_,. The map f, is just the homology product

a: @ HK) —> H(® K')
r=1 r=1

and is known to be natural. An examination of the isomorphism (3) shows that
the maps f; are induced by the composition F{ ~![see p.15]. The map ™ *
isthemap ("' ® .- ® ™", where for each r (r=1,---,n)

¢ {H(K",m)} = {H(K")n ® »H(K") }

[see Proposition 4.5]. From Corollary 4.2 it follows that {~' is natural on
H(K"),,, but not on ,H(K"). However, the isomorphism induced by

("' RH(K") = H(K', m) | HK ),

is natural [it is the inverse of a natural isomorphism—cf. the naturality statements
in Theorem 4.1]. Thus F{~ ! is natural up to a certain indeterminacy involving the
H(K"),,.. It follows from this fact that the maps f; are natural for i > 0.

This completes the proof of Theorem 1.1; for as remarked in §1 we need only
apply the results to the case of the double complex projective resolutions
R, ..., R" (of complexes K*,---,K"). Foreachr, H(R")~ H(K") and Z(K'®---Q K")
= H(®?-,K").

Finally we assert that the functors Mult(A4!,---,A") defined inductively in
Bockstein [9] (and denoted hereafter by B-Mult to avoid confusion) are in fact
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the functors Mult;_,(4%,---,A") (as defined in §1). Bockstein first defines
Tor(A!,--+,A%) to be the abelian group generated by all symbols 7,(al,:-,a"),
where a‘e A'and ha*=0 (i = 1,---,k), subject to the relations:

(1) Additivity in each argument a (i =1,---,k);
Q@ t(mat,-,ma""t,a , ma'*t, ..., ma* =1,(a’, -, a" (i=1,---,k)

(i.e. (1) and (2) are required to hold whenever both sides of the equation are
defined). B-Mult, (4", .-, A") is then defined to be the abelian group

[X Tor(4%,,4%) @ A" ® --- ® A™"]/E(i),

where the sum is over all possible partitions S,R of the set {1,:--,n} such that
S={sg,8} $<8,<--<s;, and R={ry,rysrp_i}, i<+ <rFp_y;
E@) =0if i =0,n and for 0 < i < n, E(i) is the image of '

Y Tor(A®---, A QA"® - @ A=t~
under the map
Th(asl,...’asnn)®an ® -®ami-t —> a,ch(an’.“’as.-n')@an ® - ®a'n-i—l,

where
k

(71:,,(a1, __.,ak) — 2 ( _ l)qj(qj+l+"'+qk+l)fh(a l,o--,aj‘l,aj“,~-~,a")® aj.
ji=1
There is an isomorphism
G: B-Mult;(4 % .-+, 4") ——> Mult;_,(4,---, 4"
given as follows. If
1m(as‘, ey as‘) ® a" ® . ® a"‘"

is a generator of B-Mult,(4 .-+, A"), then each a**€,4™ (k=1,---,i) and a™
can be considered as representing an element of A™/mA™ = A% (k= 1,---,(n — i)).
Thus the element a' ® --- ® a” can be considered as an element of the group:

jimA=jm ® @ mAlt - jyms
where j = (j;, -+, J,) is given by:
0 ifte{r| 1Sksn-i};

1 ifte{s| 1=k=i}.

Je

Ji
We therefore define
G[»rm(a“’ ey as‘) ® a" ® vee ® a"“‘)]
to be (the quotient class of) a' ® --- ® a” in the group
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1
{45} ® - ® {4

(j determined as above). It is easily verified that G respects the defining relations
for the t,(a*,---,a*) and is a well-defined homomorphism

G: X Tor(4%,,A)RA"® - @A™ —> X Q@ {A;}
jeJ@) r=1
(first sum as in the definition of B-Mult).
If a' ® --- ® a" is an element of

jimAlt=jom® @ jumAli—jym  (for jEJ(D),
then there is an inverse map for G given by
G—l[al ® see ® an] = m(asl’ --.’as‘) ® arl ® oo ® a'n-i’

where s,,-:-,s; are those indices k such that j, =1 and the ry,.--,r,_; are those
indices k such that j, = 0.

One verifies that G™! is well defined and that G™'G =1 = GG™'. Hence G is
an isomorphism. Inspection shows that under the map G the subgroup E(i) is
mapped (up to signs on the homogeneous factors) into the subgroup E(i — 1).
Similarly G™! maps E(i — 1) into E(i). Hence G induces an isomorphism of quo-
tients, G. But the respective quotients are precisely the groups B-Mult;(4%,---, A")
and Mult;_ (4, .-+, A", which are therefore isomorphic.
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